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We discuss the string creation in the near-extremal NS1 black string solution. The 
string creation is described by an effective field equation derived from a fundamental 
string action coupled to the dilaton field in a conformally invariant manner. In the 
non-critical string model the dilaton field causes a timelike mirror surface outside the 
horizon when the size of the black string is comparable to the Planck scale. Since the 
fundamental strings are reflected by the mirror surface, the negative energy flux does 
not propagate across the surface. This means that the evaporation stops just before 
the naked singularity of the extremal black string appears even though the surface 
gravity is non-zero in the extremal limit. 
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I. INTRODUCTION 



It is generically agreed that quantum gravity might remove pathological objects in classical general 
relativity like singularity. One of the difficulties in quantizing gravity is the non-renormalizability 
of itself. So, we expect that string theory is the best of candidates for consistent quantum gravity 
theory since string theory is free of the ultraviolet divergences. It was shown that the first-quantized 
string is well defined on orbifold and weak curvature singularities [1,2]. However, every curvature 
singularity is not resolved at the first-quantization level (See ref. [2]) since mass of the first-quantized 
string gets excited infinitely for strong curvature singularities. Such a problem could be resolved by 
constructing string field theory describing pair creation of strings. 

Lawrence and Martinec [3] derived an effective string field equation from the fundamental string 
action in which the coupling term a'RQ between curvature of the world-sheet R and the dilaton 
field <& is absent. Based on the equation the pair creation rate was calculated on various cosmo- 
logical models [3-5]. When the dilaton field is almost constant, this coupling term is negligibly 
small as this is O(a'). The coupling term, however, could be dominant near singularity where the 
dilaton field diverges. In this paper we investigate the effect of the dilaton field on the string cre- 
ation in near-extremal black strings. The effective field equation describing the string creation is 
derived from a string action conformally coupled to the dilaton field. To simplify the equation, we 
dimensionally reduce the fundamental string to a particle by omitting the string excitations and by 
compactification. 

In Einstein Gravity charged black holes are described by Reissner-Nordstrom solution, where the 
temperature approaches zero in the extremal limit. So, the extremal black hole in Einstein Gravity 
is stable against the Hawking radiation. In string theory there are black branes which have finite 
temperature and a singular horizon in the extremal limit. This leads physicists to imagine that 
the singular horizon, or naked singularity appears by evaporation. This expectation was partially 
verified in [6] by investigating dilatonic black holes. 

We investigate the evaporation process of five-dimensional NS1 black string with Kaluza-Klcin 
charge (W-charge) by the string creation. When the W-charge is zero, the temperature of the black 
string becomes infinite in the extremal limit and hence the quasi-adiabatic approximation breaks 
down. When the W-charge is non-zero, the temperature is non-zero but finite in the limit. So, we 
can test whether the naked singularity appears within the quasi-adiabatic approximation. 

For the non-critical string model, we find that the effective field equation becomes singular at a 
timclikc surface outside the horizon when the black string is comparable to the string scale Va' T . 
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We show that the effective field equation has a unique solution for the initial data with finite energy 
so that the natural function space of initial data is the Sobolev space if 1 . The well-posedness of 
massive scalar field was shown in some interesting spacetimes for the field in the Sobolev space [7]. 
Since the string current passing through the timelike surface is zero for each mode in the Sobolev 
space, this surface plays a role of a mirror surface. So, the negative energy flux does not propagate 
across the surface, implying that the evaporation by the string creation stops before the occurrence 
of the naked singularity. For the critical string model, we find that the effective field equation does 
not become singular until the naked singularity appears, implying that the black string continues to 
evaporate. In Sec. IV, we will argue that the occurrence of the naked singularity could be prevented 
if we consider the time dependence of the dilaton field. 

For completeness, we also investigate the stability of near-extremal NS1 black string in which 
temperature is zero in the extremal limit. In general it is possible for the zero temperature black hole 
to evaporate by the spontaneous discharge process, as shown in [8]. We show that the evaporation 
continues unless the W-charge vanishes. Since the mass-loss rate is smaller than the charge-loss rate, 
it leaves the extremal state. So, the naked singularity does not occur. 

This paper is organized as follows. In the next section, we formulate string creation based on the 
particle picture. In section III, we discuss the evaporation process and superradiance by the string 
creation. Section IV is devoted to conclusion and discussions. 

II. FORMULATION OF STRING CREATION BASED ON PARTICLE PICTURE 

We study the string creation problem in the particle picture, which is obtained by dimcnsionally 
reducing the string action with the dilaton coupling term a' R $ to the particle one. If we dimension- 
ally reduce the action with the coupling term a' R <j> directly, then we are faced with a bit technical 
difficulty. It comes from the breaking of the Weyl invariance by the coupling term a' R $ at the 
classical level. Indeed, in the conformal gauge h a b = e 2x rj a b, the coupling term produces 



The interaction term shows that the field \ to be unphysical gauge mode becomes dynamical degrees 
of freedom. Of course, the reason is that we do not incorporate quantum corrections. In order to 
overcome this difficulty by incorporating the quantum corrections, we translate the Polyakov-type 
action with a' R $ term into the action with Weyl invariant dilaton coupling term which gives the 
same partition function as the original Polyakov-type action. In the appendix A, we explain it in 
detail. 




(Ill) 
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The Lorcntzian action of a test string propagating in Z)-dimensional target space, which corre- 
sponds to the Euclidean action (A. 13) is given by 

S = ^ J d 2 a V=h (h ab G MN (X) + e ab B MN {X)) 8 a X M d b X N , (II.2) 
Gmn(X) := G MN (X) + 7 a' d M ${X) ■ d N $(X) , (11.3) 

where 7 = 6/(D — D cr it + 1) and we drop "hat" from the fiducial metric and use the capital Latin 
letters as the indices of the target space. 

A. Kaluza-Klein reduction of the test string 

Hereafter, we would like to consider a test string in (d + l)-dimcnsional spacetimes obtained by 
toroidal compactification. And then, we assume that the (d + l)-dimcnsional spacetimes have one 
Killing direction and a test string extends along the direction only. 

Concretely, we consider the background fields as follows; 

ds 2 = Gmn dX M dX N = ds 2 d+1 + ( dxM ) 2 . (H.4) 

M=d+1 

ds 2 +1 = gru ,(x)daPdx v + k 2 {x) (dX d + A„(x) dx^j 2 , (II.5) 
B = A^x) dx" A dX d , $ = $(&) , (II.6) 

where fi, v = 0, 1, • • • , d — 1, and then the "effective metric" Gmn becomes 

G ilv =g lxv (x) := g^ u (x) +7^ d^ix) ■ d„<f>(x) , G dd = G dd = k 2 (x) , (II.7) 

and so on. In the target spacetime with its metric (II. 5), we would like to investigate the dynamics 
of the the test string which extends along the A d -axis, 

x" = z> 1 (t), X d = -ma + y{ T ) , X M = fixed (M = d + 1, •••,£>- 1) . (II.8) 

From the canonical form Pm X m = p^z^ + P d y, we know that P d is the canonically conjugate 
momentum of y. Furthermore, the variable y becomes cyclic coordinate, since X d is the Killing 
direction. 

In the ansatz, we can take the gauge conditions for the world sheet reparametrization, 

^00 = -M 2 (t) e 2x « , h n - e 2 ^ , h i = , (II.9) 

and we can obtain the effective action for the Kaluza-Klein (KK) compactified test string, 

S = KjdT^~g^z»z» + ^ 7 (y + A^y + mA^-Af^^j , (11.10) 
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where k := l/2Tra' and we take < a < I. 

Since the variable y is cyclic coordinate, the canonically conjugate momentum of y is a constant 
p y = (nk 2 /Af)(y + A^z^) — : q, and then we can simplify the action (11.10) with the Rauth function, 



dr 



where 



^(x) := (Km)A fl (x) + qA f _ l (x) , 



V(x) := {nmfk 2 {x) + 



k(x) 



(11.11) 



(11.12) 



From the former equation in Eq.(II.12), we know that this KK-compactified test string carries the 
Kalb-Ramond charge Km and the W-charge q. 

B. Quantization 



Hereafter, we denote the string position coordinates by x. In order to quantize the system, we 
should make Hamiltonian formulation. Following the standard procedure, we have a Hamiltonian 
constraint 

1 



H' r- 



2k 



(zV-A^-y (Pu-A v )+V(x) 



, 



(11.13) 



where (g -1 )^ is the inverse matrix of g^. 

According to the standard procedure of the canonical quantization, we take a wave function ty(x) 
and replace the momenta with the derivatives, and then, we obtain the equation of motion, 



= 2kH'^(x) = - £V GT ) V* - V(x) tf(jc 



(11.14) 



where we adopt the covariant derivative with respect to the original metric g^ as momentum 
operators, p^ — > — i V M and adopt the operator ordering by which there exists the conserved inner 
product. Indeed, for the current defined by 



J"(*i, * 2 ) := i (F Y" [ n M 2 - (MO* * 2 ] , 

the equation J M = holds and we can define the conserved inner product as 
The equation (11.14) is also derived from the action 



h = - J d d 



x sj-g 



(g-'r (V^Y (V^)+V(x) |* | 2 



(11.15) 



(11.16) 



(11.17) 
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By regarding the field &(x) as the quantized field operator and using the inner product (11.16), we 
could formally make the second quantization and argue the "string creation" in the same manner 
as the particle creation. 

Hereafter, we are interested in static cases as 



dx^dx u = -N 2 dt 2 + h i3 dx i dx j , A M dx^ 



dt 



(11.18) 



where is the covariant derivative with respect to the spatial metric h^ v . In this case, the field 
equation (11.14) becomes 



V 2 ^ = -K^> 



K := —N 



D^N {h- l f Dj) - NV 



(11.19) 



and then, the inner product (11.16) suggests a natural inner product for functions on the spatial 
hypersurface E as 

dE . 



u, v) := 



N 



u v . 



(11.20) 



For later convenience, we introduce another inner product on the spatial surface, the Sobolev one 



(u, v) 



Sob 



f u*v 













{h' 1 ) 13 (D iU )* {D jV ) + Vu*v 



(11.21) 



where q is some real constant. We note that the operator K is hermitian with respect to not only 
the inner product (11.20), but also the Sobolev inner product, 



(u, Kv) Soh - (Ku, v) Soh 

dSi N (h^f f (D jU )* {(q 2 + K)v}-{(q 2 + K)u }* (Djv) 



as 



. 



(11.22) 



III. THE EVAPORATION PROCESS ON NS1-W SOLUTION 



The metric of the target spacetime and the dilation field for the NS1-W solution [9] are given by 
' ' ; ■ dt 2 + f-\r) dr 2 + r 2 dn d _ 2 + |^ (dX d + A^{r) dx^j * , (111.23) 



H a {r)H fj {r) 



-2<S> 



, -=F a (r) = l+(^) 



sinh a 



(111.24) 



where f(r) = 1 — (r /r) d ~ 3 . The various quantities are summarized in the appendix B. 

We denote the charges related to the Kalb-Ramond field and to the KK U(l) field by Q a 
and Qp, respectively. The extremal limit is that the horizon position r — > 0, a, f3 — > oo keeping 
Q a ,Qp fixed. The ADM mass M is bounded below M > Q a + Qp. 
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The Hawking temperature and the entropy in the extremal limit are given by 

Sbh ~ r y/Q^ , T BH ~ -j=== , (HI.25) 

\/QaQf3 



so that, in the extremal limit, the temperature approaches a finite value Th ~ 1/ \/Q a Qp for d = 4 
and the zero temperature for d > 5. Therefore, it is very interesting to consider the evaporation 
process of near extremal five dimensional (d = 4) NS1-W solution. 

In the background (111.23)- (111.24) , the metric g^ appeared on the first quantization of the fun- 
damental string is given by 



~ 9llv dx»dx v = - - P^- dt 2 + rH^dr 2 + r 2 dn d _ 2 
H a (r)H (r) 



/» := f(r) 



4 3 \H, 



(111.26) 
(111.27) 



and the KK-compactified test string couples to 17(1) gauge field A M and the potential V, 



. , „ /. , sinha cosha sinh/3 cosh/3 \ /ro\ d ~ 3 , , TTT „„, 

W = -(("") Ha(r) +q ^ (r) P )( T ) dt, (111.28) 

N2 ff^r) , o ff„(r) 



v =^im +q W)> (iil29) 

where a dash means the derivative with respect to r. 

As shown in the previous section, the only difference between usual complex scalar field equation 
and our effective field equation (11.14) derived from the first quantization is the difference between g 
and g appeared in the kinetic terms. Since -s/a 7 is the string scale, the corrections from the dilaton 
field are negligibly small when the the size of the black hole ro is much larger than the string scale. 
However, they are important when the horizon becomes comparable to the string scale. 

Anyway, since the background is static and spherically symmetric, for simplicity, we consider 
spherically symmetric solution (S-wave solution) W = er wt %l>(r) /r^-^l 2 , and then, Eq.(II.14) 
reduces to the radial equation 



= hj=2 + -* ( w + A *) - / u <r) V> , (ni.30) 




n ■= + It ) + ¥ —> 7W (tS) • <m ' 31) 

where we introduce the modified tortoise coordinate r* 

f* := Jdr ^HjTp/f . (111.32) 
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A. evaporation of near extremal black string with finite temperature 



We shall consider the evaporation of the five-dimensional NS1-W solution, which has finite tem- 
perature in the extremal limit. 

First we investigate the process by the non-critical string model, 7 < As the black string 
approaches the extremal state, H a and / can be approximated as 

ff Q ~^sinh 2 a, / = /(l + 2<f) (in.33) 

near the horizon. When the size of the black hole becomes tq = (l/3)Vl7|a'A the effective field 
equation (III. 30) is singular at n = (l/2)y / py|a 7 73, since / diverges at n as / ~ l/(r - ri) 2 . 

Let us consider a boundary condition on it. As a physically reasonable condition, we shall impose 
that the total energy E is finite: 



E:= J rfS n^T"" = J dE N 



N 2 



h ij (Di^)*(Dj^) + V\^\ 



< 00, (111.34) 



where the energy-momentum tensor is usually defined by T^ v := (2/ \/^g)(5S^ /Sg^). Since ~ /, 
the above condition implies that for r <~ n , 

*~(r-n) n , n>3/2. (111.35) 

Near the singularity, the wave-equation (III. 30) is approximately written by 

= (J^ + cf; 5/3 j V(r)> for r > n (111.36) 

where c is a positive number and ~ (r — ri) 3 . The two- independent solutions are expressed by 
Bcssel functions: 

ipi ~ V^*^3(6Vcry 6 ) ~ f* ~ (r - ri) 3 , 

V>2 ~ v^^s^a/^ 176 ) - 1 + arl /3 ~ 1 + o(r - n), (111.37) 

where a is a number. So, £7 is finite for i/u, while i? diverges for ife. This implies that the only 
ipi mode is admitted for the singular boundary. Using Eq. (11.28), one can easily check that ipi 
produces no string current on the boundary: 



t Strictly speaking, we need to use a non-critical black string solution instead of the NS1-W solution for 
consistency with the non-critical string model. For our best knowledge, the non-critical black string solution 
is not yet obtained. So, we simply use the NS1-W solution to investigate the creation of the non-critical 
strings. 
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~ fihdrih ~ (r - ri) 3 - 0. 



(111.38) 



So, the surface at r = ri plays a role of a reflective mirror. This means that the evaporation 
process ceases when the horizon reaches the string scale and that no naked singularity appears for 
the non-critical string case 

It is worthwhile to comment another meaning of the condition (III. 34). Because ("J/, ^E')sob < 
(const.) x E < co, the condition (III. 34) imposes that the allowed states belong to the Sobolev space 
H 1 with the inner product (11.21). It is easy to check that ipi £ H 1 and tp2 4- H 1 - This means that 
the operator K is essentially self-adjoint in the Sobolev space, so that the initial value problem of \I/ 
is well-posed [10] **. Essential self-adjointness of K is proved by showing that we have no solution 
in H 1 to the each eigenvalue equation = ± i $ [11], which is reduced to the similar equation to 



Due to the singular behavior of the last term of U near r ~ r x , both equations become Eq.(III.36) 
and the solutions behave as Eq.(III.37), so that the solutions in H 1 of Eq.(III.39) should satisfy the 
boundary condition \I/(r = n) = ty(r* =0) = and also ^(r* = oo) = 0. We will have no solution 
of the eigenvalue equation (III. 39) satisfying the above boundary condition, because we have no 
room to adjust the eigenvalues. Thus, the operator K will be essentially self-adjoint in the Sobolev 
space. 

Secondly, we consider the evaporation process by the critical string model, 7 > 0. As easily 
checked, the effective potential U in Eq. (III. 31) is bounded above by the charges Q a and Qp as 



in the extremal limit, implying that the evaporation continues until naked singularity appears in 
the extremal limit. What has to be noticed is that wc implicitly assumed that the NS1-W black 



§ When the size of the black string becomes ro < (l/3)\/|7|a'/3, / can be negative in the region r € (r' , r") 
outside the horizon, where r < r' < r\ < r". So, we have "two time" g tt , g rr < in the region. However, 
by the same argument in the main text, we can show that the surface at r — r" also plays a role of a 
reflective mirror owing to the behavior of / at r = r" as / ~ l/(r — r") and it makes the "two time" region 
separate from the asymptotic region r" < r. 

**On the other hand, by the method similar to that noted below, we can show that the operator K is not 
essentially self-adjoint in the linear function space with the square integrability L 2 , so that the evolution is 
not unique. 



Eq.(III.30), 




(111.39) 



U < 1/QaQu 



(111.40) 
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string eventually evaporates and then the quasi-adiabatic approximation is valid for all time. We 
will argue that this condition is violated at the final stage of the evaporation and that a timelike 
mirror surface would be formed even in the critical string model in section IV. 



B. evaporation of the near extremal black string solution with zero temperature 

In this subsection, we discuss whether or not the black string solution in which temperature is 
zero in the extremal limit is stable against the string creations. Since the string creation caused by 
gravitational effect is negligibly small compared with the superradiance or the spontaneous discharge 
near the extremal limit, the stability is determined by the spontaneous discharge process only. 

The condition for the spontaneous discharge is that there exist the modes with negative phase 
velocity. From the wave equation (III. 30) near the horizon 

0= (Jf + fi ' + ° (/) ) ^ x ' ft w :=w- [ («m) tanha + g tanh/3] , (111.41) 
they should satisfy 

uj < (nm) tanha + q tanh/3 =: ujsr ■ (III. 42) 
From the wave equation near infinity 

°= (£ + ^ + 0(r ~ 2) ) ^ x ' ^ := Vw 2 -[(Km) 2 + 9 2 ], (111.43) 

the modes should also satisfy 

uj 2 > {nmf+q 2 = : i? (111.44) 

for the wave propagation to infinity. Combining the above two inequalities, we obtain the stability 
condition against the spontaneous discharge process, fi > ujsr, which is automatically satisfied by 
the BPS-like bound [i > (nm) + q> ujsr and is equivalent to 

- j— H > 2(nm) q tanha tanh/3 . (III. 45) 

cosh a cosh (3 

So, provided that this condition (III. 45) holds, the extremal black string solution with zero temper- 
ature is stable against the string creation. 

In the extremal limit a,/3 — > oo, the condition (III. 45) is automatically broken unless q — 0, so 
that the black string solution with the W-charge is unstable. By the standard procedure [8], the 
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mass-loss rate and the charge-loss become 
cLj u> M R u I - 1 J , 

f SR / 2 \ 

= -(nm) I du ( | Ru, \ — 1 J , 



(111.46) 

f / ^dw (|i? w | 2 -l) , (111.47) 



where R u is the reflection amplitude and for the superradiance modes (III. 42), \Rv\ > 1. 



Since Km + g > u>sr and | R u | 2 > 1 for usr > we conclude that 



Q> dM > dQa dQp 
dt ' dt dt 



dM 
dt 



< 



j t (Qp + 0/3) 



(111.48) 



This means that the near-extremal black string has more discharge rate than mass-loss one. There- 
fore provided that the quasi-adiabatic approximation is valid, the over-charge process does not occur 
even for the black string solution with the W-charge, so that the naked singularity at the extremal 
state does not appear for the black string solution with zero temperature in both the critical and 
non-critical string models. 



IV. CONCLUSION AND DISCUSSIONS 



We investigated the effect of dilaton field on string creation in near-extremal NS1-W black string 
solutions. For a simplicity we assumed that the string extends along one Killing direction only. So, 
it is reduced to a charged particle whose motion is derived from the effective action (11.10) in the 
lower dimensional spacetime. 

As shown in Sec. Ill A the determinant of the "effective metric" becomes zero at a timelikc 
surface outside the horizon when the horizon size is close to the Planck scale in the non-critical string 
model. It follows that the field equation describing the particle creation becomes singular at the 
surface. Assuming that all the states belong to the Sobolev space H 1 , we showed that the evolution 
is uniquely defined for all time and that there is no particle flux propagating across the surface. In 
other words, the black string at the Planck scale is completely enclosed by the timelikc "mirror" 
surface and hence the evaporation by the Hawking radiation stops. Of course, this conclusion is 
based on perturbative treatment of strings and the quasi-adiabatic approximation. Although we 
need any non-perturbative treatment of string theories for a complete understanding of the whole 
evaporation process due to the formation of the mirror surface at the Planck regime, it is beyond 
our scope. 

It is worth noting that we used a five-dimensional NS1 black string solution as a background 
spacetime instead of a non-critical solution simply because no analytical black hole solution is found 
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in the non-critical string theory. We expect, however, that the determinant of the "effective met- 
ric" g^v becomes zero near curvature singularity even in the non-critical solution unless the dilaton 
field is finite there. 

Finally we comment on the case for the critical string model in a fivc-dimcnsional NS1 black 
string solution under the quasi-adiabatic approximation. Since the timclikc mirror surface is not 
produced in this case, the evaporation by the Hawking radiation seems continue until the naked 
singularity appears. Let us consider if the surface is produced or not when we take into account the 
time-dependence of the dilaton field. As easily seen in Eq. (III. 24), the dilaton field diverges at the 
extremal state. So, the time derivative would also diverge at the extremal state if the evaporation 
is completed within a finite time. Since the time component of the metric g changes as 



it would become zero at the last stage (note that 7 > in the critical string model). This implies 
that the a mirror surface preventing the formation of the naked singularity is produced provided 
that the time dependence is taken into account. This will be discussed in more detail in [12]. 



We consider the bosonic string in the background fields, G^(X), B /Jjl/ (X) and &(X), whose action 



9tt = gtt + lidt®) 2 



(IV.49) 
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APPENDIX A: DERIVATION OF THE MODEL ACTION (II.2) 



is given by tt 




d 2 a Vh { h ab G^(X) + 1 e ab B^(X) } d a X»d b X 



+ a R®(X) 



(A.l) 



We define the partition function for the bosonic string as 




(A.2) 



t^We follow the sign convention of the Polchinski's textbook [13]. 



11 



where Dh» means that it is invariant measure with respect to the world sheet metric h a b By 
infinitesimal diffeomorphic (<5£ a ) and Weyl transformations (8u), the metric changes into 

5h ab = 2 5wh ab -2V (a 8Z b) , (A.3) 

and the volumes of the diffeomorphism and the Weyl transformation are given by Vdiffeo. = / Dh£ 
and Vweyi = / Dhio, respectively. 

According to the standard procedure, we try to rewrite Eq.(A.2) using 

l = A FP [h] J D h (S{h-h<], (A.4) 

where h a b is a fiducial metric and ( means diffeomorphic (£ ) and Weyl transformation (w) param- 
eters, so that D h ( = D h oj x D h ^. From Eqs.(A.2) and (A.4), 

Z[G,B,*]= [ ^ hD * XD ^ AFp[h] §[h _f l C ]e S[X <h ;G,B,* ] 

J Vdiffeo. X Vweyl 

= / ^ h < XD Jf C A FP [tf] e~ s ^ k ' • G - B ' *1 , (A.5) 

J Vdiffeo. X VVeyl 

and from the fact that various quantities are obviously the world sheet diffeomorphic invariant ones, 
the partition function becomes 

Z[G, B, $] = / D h» X D h"» D k»Z App[ ^] e -S[X,h°>;G,B,*] 
J Vdiffeo. X Vweyl 

= / D ^ XD ^ Afp [^] e~ s ^' G < B <*1 , (A.6) 

J Vweyl 

where h" b := e 2u} h a b and we use J D^Z, = Vdiffeo.- Furthermore, Eq.(A.6) can be rewritten as 

Z[G, B,*]=[ A FP [h] x ^ §4 e ~ S[X ' h "'' G ' B '* ] • ( AJ ) 

J VVeyl D~ h u D h X A FP [h] 

and the Jacobian of the functional volume element produces the Liouville action 

D huU D h ,X A M K»] _ ^ (D-D«* + l Sl[ ^ k] ) , (A . 8) 



D h w D f X A FP [h] V 24^ 

S l [uj, h] := y d 2 o- (w^-wAw) , (A.9) 



** Moreover, D h X should also be invariant measure with respect to 



12 



where D CT i t = 26 is the critical dimension for the bosonic string and A is the Laplace-Beltrami 
operator with respect to h. Thus, we obtain 

Z[G, B, <&] = / D \ XD ^ A F pH e-^x^h; g,b,*] ^ (A 1Q) 

J VWoyl 

I[X,u,h; G,B,*]~S[X,h"; G, B, $] - D ~ ^ + 1 S L [u>, h] . (A.ll) 



By making use of the equation VX^^[/i w ] = R - 2Au) and gathering u-dependence, we 

can rewrite Eq.(A.ll) as 

I[X,w,h; G,B,*]=S[X,h; G, B, $] - D ~ ^ + 1 S L [w\ h] , (A.12) 

where u)' := u — 6&/(D — D cr i t + 1)- And then, S is given by 

S := J d 2 a VI (h ab Gmn(X) + e ab B MN (X)) 8 a X M d b X N , (A. 13) 

Gmn(X) := G M n(X) +fa' d M $(X) ■ d N $(X) , (A.14) 

where 7 :=6/(D- D crit + 1). 

Finally, we can equivalently rewrite Eq.(A.lO) in the factored form 

Z[G, B, *] = / ^ e^ff^^K^] x / A F p[/i] e -^>; C*,*] 

J Vwoyl J 

= f T h^L e ^t±S L [uM x f D x AFp[ ^ e -S[X,fti G,B,*] ; (A 15) 

J Vweyl J 

where we change u' — > uu and the path integral measure, D- h u — > D^u in the last equality. Thus, 
the physical modes A decouple from the conformal mode of the world sheet metric u, so that we can 
treat the coupling between a test string and the dilaton in the conformal invariant manner (A. 13). 

Obviously from the above procedure, the action (A. 13) is also applicable for the superstring by 
replacing D cr i t = 26 with Z? cr i t = 10, so that we have 7 = 6/(D — 9) for the superstring. 

APPENDIX B: NS1-W SOLUTION 

In this appendix, we summarize the NS1-W solution. The metric of the (d+ l)-dimensional target 
spacetime for the NS1-W solution [9] is given by 

*« = -iJ^ <, ' 2 + r '< r »* 2+r2<,f! " + £|y K+-vm^) 2 . (b.i) 

m = 1 - • Mr)^ = - * , (B.2) 
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where 

H a {r) = 1 + 3 sinh 2 a , H p {r) = 1 + * sinh 2 (3 . (B.3) 

The Kalb-Ramond field and the dilaton field are given by 

'r \ d ~ 3 sinh a cosh a 



B=A„ dx» A dX° 



dt 



AdX a , e- 2 * = H a {r), (B.4) 



H a (r) 

and, the charges of A^ related to the Kalb-Ramond field and the KK U(l) field arc defined by 

respectively. Where Gd is the <i-dimcnsional Newton constant related to the (d + l)-dimcnsional 
Newton constant Gd+i as Gd = Gd+i/l Zl and the field <f> is the d-dimensional dilaton field given by 
4> = <& — (1/2) lnfc. Another important conserved quantity is the ADM mass and it is easily read off 
in the Einstein frame gffi := e~ 4( ^/( d ~ 2 ) g^ u as 

(£) 1 _i 167rGd M , 

g " ~- 1+ (rf-2)y d - 2 ^ + --- • (R6) 

From Eqs.(B.5) and (B.6), we have for the NS1-W solution 

M = /;^" 2 r^ 3 [ d - 2 + (d - 3) (sinh 2 a + sinh 2 0) ] , (B.7) 
lb7rGd+i 

Q a = {d- 3) r^ 3 sinh a cosh a , (B.8) 

lbTrGd+i 

0/8 = (d - 3) /;^~ 2 r^" 3 sinh/3 cosh/3 . (B.9) 

Furthermore, the Hawking temperature and the entropy of the BH are given by 

Sbh - r d - 2 cosh a cosh/3 , T H = -. ^ r-j • (B.10) 

4G<j+i 4-Kro cosh a cosh/3 
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